In this work we study some spectral properties, normalized eigenfunction, Green's function and expansion formula of a nonlocal boundary value problem of the Sturm-Liouville equation.
Introduction
In differential equation theory Many interesting applications appear (see for example [1] , [2] and [5] , [6] and [10] - [12] ). The eigenfunction expansion of nonlocal boundary value problems can be investigate through the method of Green function. For the solution of problem (1.1) when ρ(x) = 1 under different conditions the spectral expansion formula was investigated with different methods in [7] - [9] . In present work we find the eigenfunction expansion formula and prove its convergence for following version of the SturmLiouville equation with a non-local boundary condition (1.1)-(1.2).
Consider the following Sturm-Liouville problem −y + q(x)y = λ 2 y, x ∈ (0, π), (1.1)
where the non-negative real function q(x) has a second piecewise derivatives on (0, π) and λ is spectral parameter.
In [3] the author proved that the eigenvalues λ n , n = 0, 1, 2, .. of problems (1.1)-(1.2) are real and the corresponding eigenfunctions ϕ(x, λ ), ψ(x, λ ) are orthogonal.
In present work we study the eigenfunction, expansion formula. Let ϕ(x, λ ) be the solution of the differential equation, which satisfies the conditions
and then 4) taking the complex conjugate we have
By the aid of the uniqueness theorem, we have ϕ(x, λ ) = ϕ(x, λ ). In a similar way, we can see that ψ(x, λ ) = ψ(x, λ ) where ψ(x, λ ) is the solution of (1.1)-(1.2), way as [3] which is given by
where
that is, the eigenfunctions of the problem (1.1)-(1.2) are real.
As we know from [3] , the eigenvalues of problem (1.1)-(1.2) coincide with the roots of the function Ψ(λ ) = 0, where Ψ(λ ) is the Wronskian of the two solutions ϕ(x, λ ), ψ(x, λ ) of (1.1)-(1.2) and we have in [4] 
Some spectral properties
Definition 2.1. For every n=1, 2, ... the numbers 
2)
With the help of (1.2) and using (2.1), (1.8), we geṫ
for λ → λ n we arrive at (2.2).
Green's function
We introduce the function R(x,t, λ ) by
which is called the Green's function of the nonhomogeneous problem
Where
In the following lemmas, we prove some essential properties of R(x,t, λ ) which are useful in the forthcoming study of the eigenfunction expansion of the problem
is the solution of problem (3.2).
proof. By applying the method of variation of parameters.We seek the solution of the nonhomogeneous problem (3.2) in the following
and we get the coefficients C 1 (x, λ ) and C 2 (x, λ ) as
Substituting (3.5) into (3.4) and keeping in mind (3.1), we get the required formula (3.3). Now we show that (3.3) satisfies the non-local boundary condition (3.2). From (3.2) by using (1.1)-(1.2), we have
The proof is completed.
Lemma 3.2. Under the conditions of Lemma 2.3, the function R(x,t, λ ) satisfies the following formula
proof. With the help of (3.1) and (3.3), we get
by using (2.2), we arrive (3.7).
Lemma 3.3. Under the conditions of Lemma 3.7 in [3] , the resolvent R(x,t, λ ) satisfies the following inequality:
proof. From [3] , we have
(3.10)
It can be easily seen that,
We have two possibilities, one of which for x ≤ t and the other one for t ≤ x. by direct substitution from (3.10), (3.11) into the first branch of (3.1), we obtain
In the case of x ≤ t, again by substituting (3.10), (3.11) into the first branch of (3.1), we obtain
In the following lemma, we prove an integral formula which is satisfied by R(x,t, λ ) and help in proving the eigenfunction expansion formula 
where R(x,t, λ ) is the kernel of the resolvent of the nonhomogeneous proof. By the aid of lemma 3.1, we have
where the functions ϕ(x, λ ) and ψ(x, λ ) are the solutions of the homogenous (1.1)-(1.2), so that
from which we have
Integrating by parts twice (3.17) and then using the boundary conditions f (0) = f (ξ ) = ϕ(0, λ ) = 0 and f (0) = f (ξ ) = ψ(ξ , λ ) = 0, respectively, and keeping in mind (3), we get
Substituting from (3.18) into (3.17), we get the required result.
Expansion formula
Theorem 4.1. The eigenfunctions (varphi(x, λ n ) n≥0 of the nonlocal boundary value problem (1.1)-(1.2) is complete in L 2 (0, π).
Then from (3.7), we have Res λ =λ n y(x, λ ) = 0 and consequently, for fixed x ∈ [0, π] the function y(x, λ ) is entire with respect to λ . Let us denote
where δ is sufficiently small positive number from (3.11), we have
for fixed δ > 0 and sufficiently large λ * > 0
Using the maximum principle and liouville theorem we get y(x, λ ) ≡ 0. From this we obtain f (x) ≡ 0 a.e. on (0, π). Thus we conclude the completeness of the eigen- proof. We write (3.14) in the form
from the condition of the theorem imposed on q(x), it can be easily shown that
where M o is constant which is independent of x,t, λ and the contour Γ n , defined for sufficiently large n on the contours
We multiply both sides of (4.2) by 1 2πi λ and integrating with respect to λ on the contour Γ n
Among the poles of the function R(x,t, λ ), as a function of λ , lie only λ 0 , λ 1 , ...., λ n inside Γ n . By using the residues formula and (3.7), we have Since the system of eigenfunctions ϕ(x, λ n )n ≥ 0 are complete and orthogonal in L 2 (0, π), the Parseval equality
hold.
